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^ I Abstract 



In this paper, we consider n-perforated Yoneda algebras for «-angulated categories, and show 

that, under some conditions, n-angles induce derived equivalences between the quotient algebras of 

n-perforated Yoneda algebras. This result generalizes some results of Hu, Konig and Xi. And it 

OC ■ also establishes a connection between higher cluster theory and derived equivalences. Namely, in 

a cluster tilting subcategory of a triangulated category, an Auslander-Reiten n-angle implies a de- 

^H ' rived equivalence between two quotient algebras. This result can be compared with the fact that an 

ry, . Auslander-Reiten sequence suggests a derived equivalence between two algebras which was proved 

• ■ by Hu and Xi. 

-(— > 



1 Introduction 

Derived categories and derived equivalences occur widely in a number of mathematical fields. For 
example, algebraic geometry [3, 4, 28], differential equation [32, 21], the representation theory of al- 
1^ ■ gebras [7, 33]. In modern representation theory of finite groups, the famous Abelian defect conjecture 

QQ , of Broue is actually to predicate a derived equivalence between two block algebras. As is known. 

On ■ derived equivalences preserve many homological properties of algebras such as the number of sim- 

CN , pie modules, the finiteness of global dimension and finitistic dimension, the algebraic K-theory and 

f~^ ■ Hochschild (co)homological groups (see [6, 10, 22, 30, 31, 29]). In this sense, derived equivalences 

^D , provide us a bridge to compare properties of different algebras, and are helpful for us to understand 

some properties of algebras through the other ones. One of the fundamental problems on the study of 
derived equivalences of rings is 

How to construct derived equivalences between rings? 

Richard gave a theoretical solution to this problem which is well known as the Morita theorem for 
derived categories [30] (see also Keller [23]). The Richard's theorem for derived categories is that for 
C^ , two rings A and B, the derived categories D''(A-Mod) and D''(B-Mod) are equivalent as triangulated 

categories if and only if there exists a special complex T* in D''(A-Mod), called " tilting complex", 
such that B is the endomorphism ring of T* . However, it is difficult to construct all tilting complexes 
explicitly. And there are so many obstacles to determine the endomorphism ring of a complex. Con- 
sequently, it is necessary to give a systematic way to construct derived equivalences between rings. 

In order to construct derived equivalences, one strategy is to develop a practical technique which 
can produce new derived equivalences from given ones. In [30, 31], Rickard used tensor product 
and trivial extension to produce derived equivalences. These results were generalized by Ladkani in 
the sense of triangular matrix ring arising from extension of tilting modules [25] and componentwise 
tensor products [26]. In [16], Hu and Xi presented a method to construct new derived equivalences 
between these O-Auslander Yoneda algebras, or their quotient algebras, from given almost v-stable 
derived equivalences. 

Another strategy is trying to construct derived equivalences from certain sequences. Recently, Hu 
and Xi introduced ©-spUt sequences and showed that each ©-split sequence gives rise to a derived 
equivalence via a tilting module [15]. Thus, every Auslander-Reiten sequence is a ©-split sequence 
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and induces a derived equivalence via a BB-tilting module. This beautiful result presents a relation be- 
tween Auslander-Reiten theory and derived equivalences. And later, Hu, Konig and Xi generalized the 
result in the context of triangulated categories, adding higher extensions and replacing the shift functor 
by any other auto-equivalence of triangulated categories [14]. Note that the derived equivalences are 
induced by tilting complexes of length 2. Meanwhile, Ladkani [27] and Dugas [9] discussed ©-split 
sequences in the version of mutations of algebras and algebraic triangulated categories, respectively. 

In [11], Geiss, Keller and Oppermann introduced n-angulated categories which occur widely in 
cluster tilting theory and are closely related to algebraic geometry and string theory. A natural question 
is how to construct derived equivalences in n-angulated categories? 

In this paper, we give an affirmative answer to this question. We construct derived equivalences 
in the context of n-angulated categories and generalize some results of Hu, Konig and Xi in [14]. 
By the result of Geiss, Keller, Oppermann [11], every (n — 2)-cluster tilting subcategory which is 
closed under E"^^ is an n-angulated category. Thus, we can construct derived equivalences which are 
induced by tilting complex of arbitrary length. This result generalizes the main result of Hu, Konig 
and Xi in [14]. At the same time, there is a high dimensional version of the fact that Auslander-Reiten 
sequences suggest a derived equivalence between two algebras which was proved in [15]. Namely, in 
some cluster tilting subcategory, any Auslander-Reiten n-angle implies a derived equivalence between 
two quotient algebras. 

In order to describe the main result precisely, we fix some notations first. Let Rhe a fixed com- 
mutative Artin ring, and let fe be a fixed field. Let iF be an n-angulated /^-category with suspension 
functor E, and let X be an object in iT. Suppose that iF has split idempotents. Let <I> be an admissible 
subset of Z. Then we can define n-perforated Yoneda algebra E^ (X) := Q)ie^iiomrf {X ,F'X). Its 
multiplication is defined in a natural way. The left (right) (add(M),F,<I>)-approximation is extension 
of general approximation in the sense of Auslander and smal0, adding higher extension. For more 
details, we refer readers to section 2. The objects of ^^' (M) and ^^' (M) satisfy some properties 
of orthogonal, i.e., 

^j''*(M) :={X £9" \ nomy:{X, F'M) = for all / £ 4>/{0}} 

^/'*(M) := {Y e if I Hom5(M,F'Y) = for all i e */{0}}. 

The sets / and J are ideals of E^ (X) and E^ (Y), respectively (see section 3 for details). The 
main result in this paper is the following: 

Theorem 1.1. Let <I> be an admissible subset ofL, and let f be an n-angulated R-cate^ory with an 
auto-equivalence F. Suppose that X -^ M\ --^ M2 ^ ■ ■ ■ — > M„_2 ^ Y -^ TX is an n-angle in f 
such that ai : X — > M\ is a left {ndd{M),F,<i>)-approxi}nation ofX and (X„-i : M„_2 -^ Y is a right 
{add{M),F,-(p)-approximation ofY. IfX e ^/'*(M) andY e ^^'"^{M), then¥Ff{X®M)/I and 
E^ (M © Y)/J are derived equivalent. 

This theorem extends the main result of Hu, Konig and Xi in [11]. The following corollary estab- 
lishes a connection between higher cluster theory and derived equivalences. 

Corollary 1.2. Let T be a Krull- Schmidt triangulated k-category with shift functor E3, and let S be 

an (n — 2)-cluster tilting subcategory ofT, which is closed under E^^ . Suppose that 

Xi^X2"^X3^---^X„ 

is an Auslander-Reiten n-angle in S and X\,Xn ^ ©"^2-^/- Then the two rings End5(©"jrj Xi)/I and 
End5(0"^2^i)/-^ '^''^ derived equivalent, where I, J are defined as in Theorem LL 

This paper is organized as follows: In section 2, we make a preparation for the proof of the main 
result. We fix some notations and recall some basic definitions. In section 3, we give the proof of the 
main result and deduce some consequences of the main result. In section 4, we display an example to 
illustrate our main result. 



2 Preliminaries 

In this section, we will recall some basic definitions and facts which are needed in our proofs. 

2.1 Notations and conventions 

Throughout this paper, Ris a fixed commutative Artin ring with identity, and A: is a fix field. 

Let C be an additive category. For an object X in C, we denote by add(X) the full subcategory 
of C consisting of all direct summands of finite direct sums of X. For two morphisms f :X ^Y and 
g :Y ^ Zin C,we write fg for their composition which is a morphism from X to Z. For two functors 
F : C ^ T) and G : 2) ^ £, we write GF for the composition instead of FG. 

Let C be an additive category with an endo-functor F : C ^ C- Let CD he a full subcategory of C, 
and let <I> be a non-empty subset of N. If F has an inverse, then <I> can be chosen to be a subset of Z. 
Let X be a object of C- A morphism f :X ^ D in C is called a left cohomological 'D-approximation 
of X with respect to (F,^) (or left ( 2), F,<I>) -approximation of X) if D G T>, and for any morphism 
g:X ^ F'{D') with D' e CD and / G 4>, there is a morphism g' : D ^ F'{D') such that g^ fg'. Note 
that F^ ~ idc. Dually, we have the notion of right cohomological CD-approximation of X (or right 
(2),F,<I>)-approximation of X) if for any / G <I> and any morphism g : F'D' — > X with D' G CD, there 
is a morphism g' : F'D' — ;> D such that g — g'f (see [14]). In particular, if <I> = {0}, then left (resp., 
right)-(2),F,<I>)-approximation of X is left (resp., right) ©-approximation of X. The subcategory CD 
is called contravariantly finite subcategory of C if any object Y in C has a right ©-approximation. 
Dually, a covariantly finite subcategory of C is defined. The subcategory CD is called functorially finite 
of C if CD is contravariantly finite and covariantly finite in C. We denote by J^ the Jacobson radical 
of C. Let / G Homc(X,y) be a morphism. We call / a sink map of Y if f satisfies the following 
conditions: (1) if g :X -^X satisfies gf = f, then g is an automorphism. (2) f G Jc and 

nomc{-,X)4jc{-,Y)^0 

is exact as functors on C. Dually, a source map is defined (see [20]). 

Given an /^-algebra A, we denote the opposite algebra of A by A"''. By an A-module we mean a 
unitary left A-module; the category of all (resp., finitely generated) A-modules is denoted by A-Mod 
(resp., A-mod), the full subcategory of A-Mod consisting of all (resp., finitely generated) projective 
modules is denoted by A-Proj (resp., A-proj). Similarly, the full subcategory of A-Mod consisting 
of all (resp., finitely generated) injective A-modules is denoted by A-Inj (resp., A-inj). An algebra A 
is called an Artin /^-algebra if A is finitely generated as an /^-module. Let A be an Artin /^-algebra, 
we denote by D the usual duality on A-mod. The functor Va := DHom/i(— ,aA) : A-proj — ;> A-inj is 
Nakayama functor. We denote the syzygy functor by ii. Namely, for an A-module, we denote the first 
syzygy of M by Q.a{M). The stable category A- mod is a quotient category of A-mod. The objects 
of A-mod are the objects of A-mod. Let X,Y be in A-mod. The homomorphism set Hom (X,Y) is 
Hom{X,Y) modulo the sub module generated by homomorphism which can factorize through some 
projective A-module. 

Let A be an Artin algebra. A complex X* — {X',dx) of A-modules is a sequence of A-modules 
and A-module homomorphisms d'^ : X' ^ X'+' such that d'^d'^ — for all / G Z. A morphism 
/• : X* — > Y' between two complexes X* and Y* is a collection of homomorphisms f':X'~> Y' of 
A-modules such that f'dy = d'^f'^^. The morphism /* is said to be null-homotopic if there exists a 
homomorphism /z' : X' — > F'^^ such that /' — d'^h'^^ + h'd'^^^ for all / G Z. A complex X' is called 
bounded below if X' = for all but finitely many i < 0, bounded above if X' = for all but finitely 
many i > 0, and bounded if X* is bounded below and above. We denote by C{A) (resp., C(A-Mod)) 
the category of complexes of finitely generated (resp., all) A-modules. The homotopy category K(A) 
is quotient category of C(A) modulo the ideals generated by null-homotopic morphisms. We denote 
the derived category of A-mod by D{A) which is the quotient category of K{A) with respect to the 
subcategory of K{A) consisting of all the acyclic complexes. The full subcategory of K{A) and D{A) 
consisting of bounded complexes over A-mod is denoted by /r^(A) and D^(A), respectively. We 
denoted by C+ (A) thecategory of complexes of bounded below, andhy K^{A) the homotopy category 
of C+(A). The full subcategory of D (A) consisting of bounded below complexes is denoted by D+(A). 



Similarly, we have the category C^{A) of complexes bounded above, the homotopy category K^{A) 
of C^(A) and the derived category D^{A) of C^(A). If we focus on the category of left A-modules, 
then we have the homotopy category K{A-Mod) of C(A-Mod) and the derived category D(A-Mod) of 
C(A-Mod). Suppose that X* = (X',d'^) and!" = (Y^dy) are two complexes. We define the J/recf iMm 

0~ 



of X* and Y* by the complex Z* = (Z' , 4) such that Z' ^X'®Y' and 4 



di 



X' 



X 



i+l , 



Y'^K The complexX* and the complex Y' are called the direct summands of Z*. 

The following result, due to Rickard (see [30, Theorem 6.4]), may be called the Morita theorem 
of derived categories. 

Lemma 2.1. [50] Let A and T be two rings. The following conditions are equivalent: 

(1) Ar^(A-proj) a«ii A'^(r-proj) are equivalent as triangulated categories; 

(2) Z) (A-Mod) anc/D (F-Mod) are equivalent as triangulated categories; 

(3) A' (A-Proj) and K {r -Pro]) are equivalent as triangulated categories; 

(4) /T (A-proj) andK {T-^ro]) are equivalent as triangulated categories; 

(5) r is isomorphic to End(r*), where T' is a complex in /T (A-proj) satisfying: 

(a) T' is self-orthogonal, that is, Hom^i,/^_pj.Q;N(r*,r*[/]) — for all i ^ 0, 

(b) add{T*) generates K{A-pToi) as a triangulated category. 

Two rings A and F are called derived equivalent if the above conditions (l)-(5) are satisfied. A 
complex T' in 7r''(A-proj) as above is called a tilting complex over A. It is also equivalent to say that 
the two rings A and F are derived equivalent if and only if there exists a complex X' in D(A-Mod), 
isomorphic to a complex in 7r''(A-proj) which satisfies [Lemma 2.1(5), (a) and (b)], such that the two 
rings F and End^.^_]y[QJ^(X*) are isomorphic. In particular, if the tilting complex T' is isomorphic 

to a module T in D^{K), then T is called tilting module. 



2.2 The n-angulated categories 

In this part, we will recall the definition and some properties of n-angulated categories which are 
proposed by Geiss, Keller and Oppermann in [1 1]. For the convenience of the reader, we repeat the 
relevant material from [11]. 

Suppose that f is an additive category with an automorphism E, and n (> 3) is an integer A 
sequence of objects and morphisms in !f of the form 

is called an n-Y.- sequence. An «-E-sequence X, is called exact if the following sequence of Z-modules 

Hom^(y,X.) : > Hom^(y,Xi) -^ Hom^(y,X2) -^ > Hom^(y,X„) ^ • • • 

is exact for every object y G ^. The left rotation of X, is the following n-E-sequence 

X.[l]:=(X2"iX3"i..."^Ex/-'^^"': 
Similarly, the right rotation of X, is the n-E-sequence 



T.X2). 



X.[-1]:=(E-'X/-^^-^-'"" 



'X„) 



An n-E-sequence of the form (TX), :=(X^X^O^ >Q ^ EX) for X e 5, or its ro- 
tation is called trivial. A morphism of two n-E-sequences is given by a sequence of morphisms 
9 = (cpi , (p2, • • • , (p„) in jf such that the following diagram commutates: 




The morphism (p is called a weak isomorphism if cp,- and (p,+i are isomorphisms, where 1 <i <n, 
and (p„+i is denoted by Ecpi . Two n-E-sequences X,' and X^ are called weakly isomorphic if there is a 
chain of n-E-sequences 



xl-x^ x"-^-x" 



1. 



satisfying that there is a weak isomorphism between X^ and X^+^ for 1 < i <n 

Definition 2.2. ([ii]) A collection Q of n-'L-sequences is called a fpre-j n-angulation of {f ,11) and 
its elements n-angles if O fulfills the following conditions: 

1. (a) O is closed under direct sums and under taking summands. 

(b) For all X £ tf, the trivial n-Y.- sequence (TX), belongs to Q. 

(c) For each morphism ai : Xi — > X2 is f , there exists an n-angle starting with (X\. 

2. An n-Y-sequence Xt belongs to Q if and only ifX,[l] belongs to Q. 

3. Each commutative diagram 




with rows in O can be completed to a morphism of n-'L-sequences. 

Moreover, if Q fulfills the following condition, it is called an n-angulation of {f ,11): 

4. In the situation of 3 the morphisms 93,94, • • • ,9„ can be chosen such that the cone C(9,); 



X2®Yi 
belongs to Q. 



-a.2 

92 




Pi 



Xi®Y2 



-0,3 

93 




P2 



9« 




P«-i 



EXii 



-Eai 

E91 




P„ 



EXzeEFi 



Definition 2.3. Suppose that (ir,E, O) and (ir',E',o') are two n-angulated categories. An addi- 
tive functor F : iT — > iF' is called n-angle functor if F{o) = o', i.e., there exists an invertible nat- 
ural transformation ^ ; FY, -> Y!F such that {FXi,FX2, ■ ■ ■ ,FX„,Fai,Fa2, ■ ■ ■ ,F(X„^Xi ) '■* '" '^' f^^ 
{Xi,X2,- ■ ■ ,Xn,a.i,a.2,' ■■ ,0C„) in O. Moreover, ifF is an equivalence of categories, then F is called 
n-angle equivalence. 

Remark. If n = 3, then F is well-known as triangle functor. 

In [11], Geiss, Keller and Oppermann show how to construct n-angulated categories inside trian- 
gulated categories. 

Example 2.1. [77] Let T be a triangulated category with an (n — 2)-cluster tilting subcatgory f , 
which is closed under E"^ , where E3 denotes the suspension in 'T. Then (jFjEj^ ,0) is an n- 
angulated category, where O is the class of all sequences 



X,%X2% 



n ? ^3 A] 



such that there exists a diagram 




-^X„_i 



a„_i 



- X„_ 



1.5 



- x„ 



with Xi G "T for i ^ Z, such that all oriented triangles are triangles in 'F , all non-oriented triangles 
commute, and a„ is the composition along the lower edge of the diagram. 



In order to prove the main result, we should prove the following lemma. 

Lemma 2.4. Let (iTjE, O) be a pre-n-angulated category. 
For 2 < i < n. Each commutative diagram 

Xi+\ ^ • • • s- Xn 5- YX\ 

I 

^ 3 
^Yn ^EF„ 




with rows in O can be completed to a morphism of n-Y.-sequences. 

Proof. The proof is similar with [11, Lemma 2.3].n 

Suppose that iT has split idempotents. If we denote this lemma by (3'), then we can modify the 
definition of pre-n-angulated category. That is, a collection O of n-E-sequences is called a pre-n- 
angulation of (jF,E) if O satisfies the following conditions: (l(fl) — 1(c)), 2, 3'. It is easy to prove 
that the two cases of definition are equivalent. However, the change is vital for the proof of the main 
result. 



2.3 Admissible subsets and n-perforated Yoneda algebras 

In this part, we will introduce a new class of algebras which are called «-perforated Yoneda algebras. 

Let N = {0, 1 , 2, • • • } be the set of natural numbers, and let Z be the set of all integers. For a natural 
number n or infinity, let N„ := {; € N | < / < n + 1}. 

Recall from [16] that a subset <I> of Z containing is called an admissible subset of Z if the 
following condition is satisfied: 

Ifi, j and k are in <I> such that / + j + fc G <I>, then i + j Cz ^^ if and only if j + fc G <I>. 

Any subset {0, /, j} of N is an admissible subset of Z. Moreover, for any subset <I> of N containing 
zero and for any positive integer m > 3, the set {x™ | x G <!>} is admissible in Z. The intersection of a 
family of admissible subsets of Nis admissible (for more examples, see [16]). Nevertheless, not every 
subset of N containing zero is admissible. Note that <P^ is not necessary admissible in N even if <I> 
is an admissible subset of N. For instance, {0, 1,2,4} is not admissible. In fact, this is the 'smallest' 
non-admissible subset of N. For more details, we refer reader to [16]. 

Admissible sets were used to define the O-Auslander Yoneda algebras in [16] and the perforated 
Yoneda algebra in [14], if we restrict to the case of an object in a triangulated category. However, in 
this paper, we will restrict to the case of objects in an n-angulated category. 

The following is the most natural generalization of perforated Yoneda algebra, proposed by Hu, 
Konig and Xi in [14], for n-angulated categories. 

Let <I> be an admissible subset of Z, and let !f be an n-angulated /^-category with suspension 
functor E. Suppose that F is an n-angle functor from iT to iT. Note that F' =0 for / < if the quasi- 
inverse of F does not exist. Consider the (<I>,F)-orbit category iF^'*, the extension of orbit category, 
whose object are the objects of ^. Suppose that X and Y are two objects in iF^*, the homomorphism 
set in jF^'* is defined as follows: 

HomyrF,t{X,Y) := 0Hom^(X,F'y) G R-Mod 



and the composition is defined in an obvious way. Since <I> is admissible, the (<I>,F)-orbit cate 



gory y^'* is an additive /^-category. Let X,Y be objects in iF^'*. Thus, Homn:F,<t'{X,X) is an R- 



algebra. It is called the n-perforated Yoneda algebra of X with respect to F, and denoted by E^ (X). 
Hom^f,*(X,F) is a E^ {X)-E^ (y)-bimodule. For convenience, we denote Hom^f,*(X,F) by 

Ef(X,F). 

The following lemma, which was essentially taken form [16, Lemma 3.5], [14, Lemma 2.2], 
describes the basic properties of the algebra Ey (X) where X is an object in the n-angulated R- 
category ^, which can also be verified directly. 



Lemma 2.5. Let f be an n-angle R-category with an n-angle endo-functor F, and let U be an object 
in y^. Suppose that U\ ,1/2, U3 are in add(f/), and that <I> is an admissible subset ofL. Then 

(1) There is a natural isomorphism 

A/ : e!^*({/i,{/2) ^ HomgR*(^j(E!^*({/,{/i),E5*({/,{/2)), 

which sends x G E^ {Ui,U2) to the morphism a 1-^ ax for a G E^ {U,Ui). Moreover, if x £ 
Ey {1/1,1/2) and y eE^;^ {1/2,1/3), then ^i{xy) — ^i{x)^i{y). 

(2) The functor E^ {U, —) : add{U) -^ E^ (L'^)-prqj is faithful. 

(3) If Horn jr{U I, F' 1/2) — for all ! G 'I>\ {0}, then the functor E^ {U ,—) induces an isomor- 
phism of R-modules: 

E''f{U,-):nom^{Ux,U2)^nom^^.^^^^{E''f{U,Ui),E''f{U,U2)). 



3 Proof of the main result 

In this section, we will construct derived equivalences from an n-angle. Firstly, we will prove Theorem 
1.1. Secondly, we will derive some consequences form the main result. 

Let f be an n-angulated category with suspension functor E, and let O be an n-angulation of 
(jr,E). Suppose that jT has split idempotent and the functor F : J ^ !f is, wn n-angle functor. 
Since F is an n-angulated category, there is a natural isomorphism 5 : FY. — ;> HF associated with 
F . We denote the isomorphism F'^L-'X) -^ E-'(F'X) by 6{F,i,X,j). Note that there is an inclusion 
I : Hom^(X,y) -^ E^^'^{X,Y). Given a morphism / G liomy:{X,Y), i(/) is an element ofE^^'^{X,Y) 
concentrated in degree 0. For convenience, we denote i(/) by /. 

Set 

X "iMi "iM2 ^ ■■■ ^M„_2 "^' F "^EX 

be an n-angle in O. 

For simplicity, we denote ®"zlMi by M and write V,W instead oiX®M,M®Y, respectively. 
Thus, we can get M; G add(M) for i— 1 , 2, • • • , n — 2. 

Since the direct sum of two n-angles is still an n-angle, there are two n-angles 

X%Mi%M2^---^M„^3^-Mn-2®M^'w^i:X 

l.-^Y^ '-^ y4Mi®M4 ^■M„^2^Y 

We define 

a;r:2:=(a„_2,0):M„_3^M„_2®M a;rT:=K "q^M :M„_2®M^M©F 

o5:- ("M :Mi©M^M2 S; := (a„ 0):F^Ey 
For a subset <I> of Z, we define — <I> :~ {—x \ x <E <!>} and 

^/'*(M) :== {X G 5 I iiomy:{X, F'M) = for all / G *\ {0}}, 

^^^^(M) := {Y G y I Hom^(M,FY) = for all i G 4>\ {0}}. 

I:={x= {xi) G E^/'{X ®M) \ x; === for 7^ / G 4>, 

xo factorizes through add(M) and E^'a„}, 



-,?,<!>/ 



yo factorizes through add(M) and o^}. 



In order to prove Theorem 1.1, we prove the following lemmas. 
Lemma 3.1. The sets I and J are ideals o/E^ (V ) and E^ (W), respectively. 

Proof. It is easily seen that the set / is closed under addition. By the definition of /, we can write 

xq — uv for u :V ^ M' and v : M' ^ V , where M' is an object in add(M), and xq — s{T.^^a„) for a 
morphism ,? : V — > E^^F. Suppose x = (xi),g(j) e /,y = (y;);^* S E^ (V). In order to prove that the 
set / is an ideal of Ey (V), it suffices to prove thatxy = (xoyi)ie^ E I,yx ~ {yiF'{xo))i^^ G /. 

It is clear that xoyo factorizes through E^^a„ and some object in add(M). Set ^ i £<$>. Note that 
OCi : y -> Ml ©M is a left (add(M), F, 0)-approximation of V . Thus, for given y, : V — > F'V, there is a 
morphism z, : Mi ©M — > F'{M\ ©M) such that aiz, — yiF'{o.i). Since F is an n-angle functor, there 
is a commutative diagram between two n-angles. 



_i^-ir£^^ 



«i 



•Mi©M- 



o-i 



F'a 



■M2 



Z-^F'Y ^ F'V ^ F'{Mi ©M) s- F'M2 ^ 



O-n-2 ,, a-n-i 

^M„_2 ^Y 



F'a-n-2 
-^ F'Mn-2 ^^ F'Y 



Let px and pM be the projections of V onto X and M, respectively. Since ai : V — ^ Mi ©M 
is a left (add(M),F,<I>)-approximation of V , yiF'pM factorizes through ai. So there is a morphism 
Si : Ml ©M — > F'M such that yiF'pM = OiSi. Hence xoyiF'pM = s{T.^^a^)aiSi = 0. By assumption 

X e ^/'*(M), we have Hom^ (M,F'X) ^ 0. Then the composition vyiF'px : M' 4 V 4 F'V ^'^ F'X 
belongs to Hom^(M',F'X) = 0, thus xoyiF'px ~ uvytF'px = 0. Altogether, we have shown that 
xoyi — for 7^ / G <I>. Hence xy G /, and / is a right ideal in E^ (V). 

Obviously, >'oxo factorizes through an object in add(M) and through E^'a„. Set 7^ / G <I>. Note 
thatOCi :y — >Mi ©Mis a left (add(M),F,4>)-approximationof V. Thus there is a morphism /z,- :Mi © 
M — > F'M' such that y,F'M = ocl/z,. By assumption, we have Hom^(M,F'X) = for ^ / G 4>. This 
implies that hiF'vF'px — 0, and therefore yiF'xoF'px — (XihiF'vF'px — 0. Since (E^^a„)/?M = 0, 
we have shown that yjF'xoF'/^M ~yiF'sF'{'L^^a„)F'pM —yiF'sF'{T.^^a„pM) — 0. Thus, y,,F'xo = 
for 7^ / G <I>. Hence yx G /, and / is a left ideal in E^ (V). Thus / is an ideal in E^^ (V). 

In the same manner we can seen that J is an ideal in Ey (W). D 

The following lemma is essentially taken from [14]. The proof remains valid for the present 
situation. 



Lemma 3.2. Then notations are the same as above. Then 
0. 

,F,<I> 

{2)I-E''/{V 



{l)I-E'fiV,M) 



„x _ {{xi)i£'ii G Ey (y,X) I x; ~ Ofor 7^ / G <I>, xq factorizes through 
'^ add{M) andl.-'^an} 



(3) Forx — (x,)ig<j) G E^ {V',X) with V' G add(y), we have Im(/j(x)) C /-E^ (^i-^) if and only 
if xi — Ofor all ^ i E <P and xq factorizes through add(M) and E^'a„. 

(4) Let f -.M' ^X with M' G add(M). Then Im(E^*(y,/)) C / • E^*(y,X) if and only if f 
factorizes through E^ a„. 



Now, we turn to prove Theorem 1.1. 

Proof of Theorem 1.1. In order to prove Theorem 1.1, Our strategy is trying to find out a tilting 



-F,* 



complex over E^ (V)// and compute its endomorphism ring. For convenience, we define 

A:=E!^*(y), r:=E!^*(w), A:=A//, r:=r/y. 



Set 



r^-.Q^ Ef (y,x) <^4'' Ef (y,Mi) '^4^' E!;^*(y,M2) <^4'' • • • 

'^•V'Ef(y,M„_2®M)^0. 

Note that T* is a complex in 7r^(A-proj). However, by easy computation, T' is not a tilting complex 
over A. 

Pick X = {xi)ie<i, e /■E|^*(y,X). By the definition, E^*(y,ai)(x) = (x,.F'ai),G<j,. Note that 

Xi — for ^ / e <I> and xq factorizes through E^'a„. So E^ (y, ai)(x) = 0. Hence the morphism 

E^ (y,ai):E^ (y,X) ^ E^ (y, Mi) induces a morphism 

q : ¥Ff{V,X)/I.¥Ff{V,X) ^ E5*(y,M,). 

Let P = E!^'*(y,X)//-E|^*(y,X), and /?:E|^*(y,X)^E|J;*(y,X)//-E)^*(y,X) be the canonical 

surjective map. Then we can write E^ (y, a) = /?(7. 
Thus, we have a complex 



r- : ^ p A Ef (y,M, ) <^4^^ Ef (y,M2) H'^ ■ ■ ■ '"^ V' Ef (y,M„_2 ©m) ^ o. 

in Z)*(A). We will prove that T' is a tilting complex over A. 

Note that E^ (V,^) is a finitely generated projective left A-module and /E^ (V,A^) = 0. 
Then P and E^ (y,M) are finitely generated projective left A-modules. Hence T* is a complex in 
/r*(A-proj). Clearly, add(r*) generates /r*(A-proj) as a triangulated category. So it suffices to prove 
that Hom^6(^)(r*,r*[/]) = for / ^ 0. 

(l)Hom^6(^)(r*,r*[/]) ==Ofor/== 1,2,--- ,n-2. 

The first case: i— 1,2,--- ,n — 3. 

Let /• be a morphism in Y\Qn\f.bn{\{T* ,T'[i\). For simplicity, throughout the proof, we denote 

E^ (X,y) by (X,y) in commutative diagrams. 



0- 



-^P- 



— ^ (y,Mi) ^ (y,M2) — 



(y,M„_2-;) 



A,(.v' 



/' 



- {V,Mi) 



'^{V.a,^ 



fU' 



t ^ 



A,(, 



„«— 2— /\ ^ 



iV,Mi+i] 



(VM+i) 



(y,M„_2©M) 



-^0 



By Lemma 2.5(1), we can assume that 



with 



.,0 /.,0 



(x^O^ei. e ^T(XM 



^n—2—i { ^n—2—i 
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(x^)-tG<J.eE!^*(M,-,M,-+,-) 



fory = 1,2,--- ,n — 3 — /. 

Note that ai : X — > Mi is a left (add(M),F,<I>)-approximation of X. Then there are morphisms 
y'j -.Ml ^ pJMi such that x^ = aiy^ for j e 4>. We denote {y'j)je<s> by y''. 

Since 



-,F.'I' 



Ep'^(y,ai)A/(/) =A'(ai)A'(/) ^A-loi/) =^((aiy^O;e*) ^A'll-^'p.e*) ^K^"), 

we can get pqij{y^) ~ l^ix'^) = pf'- This implies that qn{y^^) = /** since p is surjective. We denote 
/i-A/(/)E!^*(y,a,+i)by.i. 



Thus, 

We denote x|- -y^F-'a,+i by ,?'. Note that 

i.e., /j(aix^) = /j(x''a,+i). This implies that aixj. = XyF'a,+i for _/' G '!>. 
It follows that 



for j e <I>. Then there exists yj : M2 -^ M,+i such that ij = a2}'y for y G <I>. For convenience, we 



F,*/- 



„OnrF,<I.. 



denote (yj))G<i.by /. Now, we check that E^^(y,a2)A/(y^)+A'(r)Ey (V,a,+i) =/ 



^F.O 



OarF.*/ 



(y,a2)A'(y)+A'(yOE^^"(V,a,+i) 



A'(«2)A'(y^)+A'(/)A'(«,-+i) 
A/(a2y +/a;+i) 

= f-' 
We denote /^ -^(yi)E^*(y,a,+2) by s^. Thus, 

We denote x] - yJF'aj+2 by iy for j e 4>. Note that E|^*(y,a2)/j(x2) = /j(x')E|^*(y,a,+2), we 
can get a2xj = xJF-'(a,+2) for j e 4>. 
It follows that 

aisj = a2{xj-y]FJai+2) 

= a2x2 - s]F-iai+2 

= a2x2 - (x) - 3/0F^a,+i )F^a,+2 

= a2x2-xiF'a;+2 

= 0. 

Hence there are y^ : Mj, -^ F^Mi+2 such that asy^ — 5y for j g <I>. Similarly, we can check that 

/^ = Ej (y,a3)/j(3'^) +/j(}'')Ej (y,a2). By induction, we can prove that /* is null-homotopic. 
Hence Hom^4m(r*,r*[/]) = for / = 1,2, ■■■ ,n — 3. The second case: / = n — 2. It is easy to check 



Hom 



7f*(A) 



"(A) 

(r*,r*[«-2])=o. 



(2) Hom^i(^)(r*,r*[-/]) = for / = 1,- • • ,« -2. 

The first case: / = 1 , • • • , n — 3 . Let /* be a morphism in Hom^/, n^-. {T',T' \i] ) . We have the fol- 
lowing commutative diagram: 



(y,M;) — ^ (y,M,-+i) — ^ (y,M,-+2) 



(y,x 




^(■v-^) 



Y ^ 



(V,MO 



(V,a2) 



(y,M2) 



(V,a3) 



-^(y,M„_2©M) ^0 



fl{s 



,„-,-2) ^ / 
' sn—i- 



(y,M„_i_2) 5 



By Lemma 2.5(1), we assume /•' = ii(x')^f' 



■n—i—2 



Ia{x- 



.«-i-2\ 



with X-'' = {xi)kel> e 



■,F,<I> 



E^-(M,+„M,),x' 



n — i—2 _ 



ixt''^)k€t' e e!^'*(M„_2 ©M,M„_,_2) for y = 1,2, • • • ,n - /- 3. From the 
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above commutative diagram, we can get /" ' ^Ey (V, a„_,_i) =0. This implies x" ' F-'a„_,_i =0 
for j G <I>. So there are morphisms 

such that 

for j e 4>. We denote {s"r'-^)jf=<p by ^''-'^l So 

= ij{isr-^FJan-i-2)ie^) 
We denote f"-'-^ -E^/^(y,a;^)/j{s"-'-^) by f«-'-^ and we write t]-'-^ instead of x^"'"^ - 

P^— -j^n-i-2 j^j. ^. ^ ^ j^Qj.g j.j^^j. 

E!^*(y, a;ri)r-'-2 === f—^E''/(V, an-,-2). 
Then 

We can deduce 

t]-'-'FJan-i-2 = {xY'-^-a;nsy-^)F^an-i-2 

^= X ■ t (Xfi — i—2 ^n—2^j 

= 0. 
So there exist morphisms s"^'^ : M„_3 -^ F'M„_,_4 such that 

for y e 4>. 

We denote (i""'^^)/G<i> by s"^'^^. We can deduce 

By induction, there are morphisms 

ij{s') : E;;:*(y,M,+i) ^ E;;:*(y,x), a/(/) : E;;:*(y,M,+,) ^ E;;:*(y,M, - 1) 

such that 

/i=A'(*')E;;='*(V,ai) + E!;:*(y,a,+2)A'(^'),/-A'(^')E!^*(y,a,) + E!^*(y,a,+,+i)A/(/+') 

for A: = 2,- • • ,n — / — 2. Here we define /j(s"^'^') = 0. 

Hence it suffices to prove that /** = E^ {V, a,+i )ju(s' )p. Note that p : E^ (V,X) ^ P is surjective 
and E^ (y,M,) is a projective E^ (y)-module. Then there exists a morphism/j(^) : E^ {V,Mi) ^ 
E|^*(y,X) such that / = ij{g)p. Since X G ^/^*(M), we can get gj = 0,i] = for 7^ ; G 4>. Note 
that/"^ = Ey (y,a,+ i)/\ this impHes goai = a,+iXQ. So 

{ai+iSQ-go)ai = ai+i{xl - ai+2sl) - gocci =a,+ixo-^oai ==0. 
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This implies that at+is^ — go can factorizes through E a„. By Lemma 3.2(4), we can get 
lm^{ ai+isl-go ) C / . E|^*(y,X). So iij{g) - E'!f{V,ai+i)/jis'))p = 0. This implies / ^ 
E^ (y, a,+i )/j(.s^ )/7. Hence /* is null-homotopic. The second case: i~n — 2. We can verify similarly. 
Hence T* is a tilting complex over A. 

Clearly, the homotopy category K^{A) can be viewed as a full subcategory of K'^{A). Thus, we 
have a ring isomorphism Endj^i, /-^.pj-Q\\{T') ~ Endj^i,,^JT*). Now, we will determine the endomor- 
phism ring End^i^^j {T'). 



. rF.*^ 



,F,<t>/ 



Let /• e End[.btj^\(T*). There is an A-homomorphism u : E^ (V,^) ^ E^ (^1^) such that 



,F,<I> 



F,*/ 



up = pf , because p : EJ (y,X) — )• f is an epimorphism and E^ (y,^) is a projective A-module. 
By Lemma 2.5(1), we can assume 



with 



for / = 1 , • • • , n — 3 

{V,X 



x« = (x«),e$ e e!;^*(x),x' = (x;.),e<i. e e5*(m,-,mO, 



x"- 



F,<t>/ 



(xp),/e<j.eE!^""(M„_2©M) 



(y,x 




(y,Mi)^^(y,M2) 



(Kar:i) 



f=pw) 



fi=^(^) 



^(y,M„_2©M) ^0 



(y,Mi)^^(y,M2). 



(^,07:5) 



(y,M„_2©M) 



-^0 



By the commutativity of the above diagram, we have 

E!^*(y,ai)/'=A'(-^")E!^*(y,ai), 



-F,*/ 



-ICF:*/ 



It follows that 



E^"(y,a,)/' - /'-^E;;:'"(y,aO for / - 2, • • • ,n - 3, 
E''f{V,a^)f-^^r-'E^f{V,a;;^). 

aixj = x^jF 'ai, 
aix'i = x'r^/^'a; for / = 2, ■ ■ ■ ,n - 3, 

for J e <I> from Lemma 2.5(1). 

By Lemma 2.4, we can form the following commutative diagram in jT: 



X 



"2 ,. «3 

■ Ml *- M2 



"«-2 ... ... "n-l 

*-M„_2®M 



■W 



F'X 



Pa, 



■F'Mi 



F'a2 



/" 



F'M2 



F'aj F'(a„_2: 



^F'(M„_2®M) 



F'STT 



■FW 



-^EX 



■ E(F'X) 



(*) 



where hi G Hom^(W,F'W). Thus, for each /* G Endj;fi(^N(r*), we can get an element h :~ (/i,),g<j> G 
r. Define the following correspondence: 

©:End^*(^)(r)^r = r/y, 

f ^h + J. 
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Now, we will prove that the correspondence is a ring homomorphism. The proof is divided into 
four steps. 

Step 1. we will prove that is well-defined. Suppose that /* G Endj^-j,/^) (r*) is null-homo topic, 
that is, there are 

n : E5*(y,Mi) ^ P, n : E}'^{V,Mi) ^ E!^*(y,M,_i),/ = 2, • • ■ ,n - 3, 
r„_2 : E!^*(y,M„_2®M) ^ E!^*(y,M„_3), 



such that 



f = nE^'"^ {V,ai) +E^''^ {V,ai+iri+i)ri+i for/ = 2,--- ,n-3, 



f-' = r„_3E;;=*(y,a„_3) + E^*(y,a;ri)r„-2, f-^ - r„_2E!^*"(y,a;;7j). 

Since p is surjective and E^ (y,Mi) is projective, there is a morphism s : E^ {V,Mi) 
E^ (y,^) such that ri = .s/5. By Lemma 2.5(1), we can assume 



with 



/ = (f,),G<J. e E^*(Mi,X),/ = (/;),e<t. e E^*(M„_2 ®M,M„^3) 




(y,Mi)^^(y,M2) 



(V,a7:i) 



(y,Mi 




f=K^) 



^{V,Mn-2(BM) ^0 

rn-2=f'{l) 



— ^ (y,M2) — - • •, ^ (y,M„_2 ©M) — - 



/F,*/ 



By the definition of ^' (M), we have f, = for 7^ / G 4>. It follows that 

^i{x^-aitQ)p^{u^-pqs)p = 0, A((x«-2) =.^(Z)E!^*(y,a;r?). 
It follows immediately that 



-.F.* 



ImA/(x"-aifo) C/.Ep"^(y,X), (x«-^),e<j> = (/,F'a;r2);G<i.. 

By Lemma 3.2(2), we can get that x'^ ~0 for ^ i E<P and Xq — aifo factorizes through add(M) 
and E^'a„. So x" - aifo = ab for some morphisms a -.X ^ M' and b : M' ^ X with M' e add(M). 
Since ai :X -^Mi is a left (add(M),F,<I>)-approximationofX, there is a morphism c : Mi — >M' such 
that a — Uic. It follows that 

xq — ab + aytQ = aicb + aitQ = ai{cb + to). 

Since (X„-ihj = x" F'a„-i = /,,F'a„_2^'oc„_i — 0, /z,- factorizes through a^. So /z,|m = since 
a:;;\M = O. since xf = for 7^ / e 4> and y e X^'*(M), we deduce /z;|y = 0. It follows that hi ^ 
for 0^ ie<P. 

We have a„_i/zo = Xq^ a„_i = fcoc„_20Cn-i = which implies that ho factorizes through o^. Since 
/iqOC^ = <X„LXq = a^(Eai )^{cb + t) =0, the morphism ho factorizes through M„_2 ffl M which is in 
add(M). Thus, h is an element in J. So is well-defined. 

Step 2. we will prove that the map is injective. Suppose that 0(/*) = h + J = J. It 
suffices to prove that /* is null-homotopic. By the definition of J, we have that /z, = for 
7^ i G 4>, and /zq factorizes through add(M) and o^. Since hi = for y^ i E <t> and ho factor- 
izes through o^, we have x"^ F'a„-i = 0, by the commutativity of (•). Thus, there is a morphism 
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r" ^ : Mn-2®M -> F'M„^-i such that x" ^ = r" ^F'a„-2 for / £ 4>. Let us denote r"^^ the mor- 
phism (r"^^)ig<i>. Then /j(r"^^)Ey (V, a„-2) =/j(x""^). And we will denote i""-' the morphism 
/«-3 -E^*(y,a;ri)^(r«-2). Thus i^3 ^xp^ -ai^^rp^ for / g 4>. Since /«-3E!^*(y,a;ri) = 
E^*(V,a;r^)/""^, that is, {x1^^F'a^)ie<s> = («;r^x^^^),G<j>, we can deduce 



0. 



X- /< a„-2 — CCn-2-^,- 



Thus, there are morphisms r" ^ : M„_3 -^ F'M„^4 such that x" ^ — OCn-2''" ^ — r" ^F'a„-3, for 
i e <I>. We denote (rf-^);e<j, by r"-\ 

Note that xf "^ - a;Pir^'^ ^ f^^^F'a„-3 for ; e 4>. Then 

= l^{{x^-')ie^) 
= ij{x"-^) 

By induction, we can construct 

and 
satisfying that 

for i — 2,--- , n — 4. Let us denote s' the morphism 

/' -E'f{V,a2)lj{r^) - {f^-a2rf).e'J> e e!^*(Mi,Mi). 

Note that E|^*(y,a2)/2 = /iE|^*(y,a2), that is {a2xj)ie^ = {xJF'a2)ie<s>- Then 

slF'a2 = ixj-a2rf)F'a2 

== x]F'a2 - a2rfF'a2 

= x,!F'a2-a2(xf-a3rf) 

= xjF'a2-a2xj 

= 0. 



Thus, there are morphisms r/ : Mi -^ F'X such that r\F^a\ = s\ = x\ — a2rf for / G <I>. We define 
r' := (r/),e<j,. Since X e 3^^*(M), we have rj = for 7^ / G 4>. Consequendy, 



f^Ef{V,a2W^)+Kr'Wf{V,ai). 

We can get O^Ex^* = by the assumption that hi = for 7^ / G 4>. Thus, x^* factorizes through ai . 
Since X G ^^*(M), we can obtain x^ = for 7^ / G 4>. 
Note that u^E^/^{V,ai) = E|^*(y,ai)/i. Then 

(xQ-airQ)ai = XQai-air^ai 

= x[jai - ai (x^ - a2r2) 

= 0. 
This implies that xfj — airg factorizes through E^'o)^. 
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Now, we prove that xjj — (Xir^ factorizes through add(M). Since (Xir^ factorizes through add(M), 
it suffices to prove that xj] can factorize through add(M). By assumption, ho can factorize through 
add(M). So there are morphisms a :W ^)- M' and b : M' ^W such that ho = ab for M' e add(M). 
Since a„_i is right (add(M),F, — <I>)-approximation of W , there is a morphism c : M' ^ Mn-i ®M 
such that b = ca„_i. Consequently, 

o^JIxq = hoo;; = acUn- ia„ = 0. 

This impUes that Xq can factorize through Mi which belongs to add(M). By Lemma 3.2(3), we deduce 
lm/j{x^-air^(,)CI-E^/'{V,X). Thus, 

pif - qM)p) - pf - pqM)p - («" - pqKr_o))p = o. 

Hence /" — qii{rQ)p. Altogether, we have proven that /* is null-homotopic. 
Step 3. we will prove that the map is surjective. Let h — (/i,),g(J> with hi:W^ F'W for / e <I>. 
Since ttn-i is aright (add(M),F, — <I>)-approximationof W, there is a commutative diagram: 



a. 
X -^Mi 



0-2 



a„_3 a„_2 ,^ ,^ «„_! 
^M„-3 ^M„-2(SM ^W 



F'X 



F'a, 



x"- 



-^F'Mi 



F'a2 



^" 



F'a;;^ 



F'aTl 



■IX 



^ F'M„_3 *- F'{Mn-2 ®M) *- F'W ^ Y.F'X 



We denote (x'),g<j) by x^ for y = 0, 1,- • • ,n — 2. From the commutative diagram, we have 
(Xn-i^i^'^ — x"^^F'an-2 and a/x/ = xj^^F'aj for j = 1 , 2, ■ ■ ■ , n - 2. This implies 



-F,*/ 



K^Mx^) = PW^^MOj) for j =!,■■■ ,n-2. 
So we have the following commutative diagram 



{V,X 

iv,x 




(y,Mi)^^(y,M2) 



f=f{x') 



f=f{x') 



(y,Mi) ^^ (y,M2) 



(V.tV^) 



^(y,M„_2©M) 



(v,oir:i) 



=^(y- 



^(y,M„_2®M) 



■0 



We conclude from ^(x'') (/• By (y, X)) C /• e!^ (y,X), that ^(x") induces a morphism /": f ^ f 
satisfying that pf^ — ja{x^)p, and finally that 

p{fq-qii{x'))=^,{x'^)YL^f{V,ai)-E^f{V,aMx')=0. 

Note that p is surjective. Then f'-^q — qjA{x^). Define /' — ja{x') for i — 1 , • • • , n — 2. Hence © is 
surjective. 

Step 4. we will prove that the map is a ring homomorphism. Take /* and g' in End^s/^Jr*). 

Since p is surjective and E^ {y^^) is projective as left E^ (y)-module, there is a map /j(x'') : 

E^*(y,X) ^ E^f{V,X) such that a/C.*:")/? = pf- Similarly, there is a map n{y^) : E^/'{V,X) -^ 

Ejr {V,X) such that n{y^)p — pg^\ Suppose that /' = /j{x'),g' ~ lj{y') for / := 1, • • • ,n — 2. Define 
h :— (lii)i(z^ and h' := {li'-)i^^ be in F such that 



..n-2 



aj:x'^ = hi{F'a;)8{F,i,X,l) 
a;rr/!'; =yr^^'a;rT, aj:/! -= h'iiF-a^)diF,i,X,l) 
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for / e 4>. By definition, we have @{f)=h + J,&{g*)=h' + J and 

Now, we calculate &{f'g*). 

y -\ 2^ ^i ^ yj Ike's; X y ~{ l^ x-t yj)ke<i>- 



X 



i+j=k i+i=k 



For each ^ e 4> 



an-i{LiJE<t> hiF'h':) = Y.ijei>a„-]_hiF'h': 

i+j=k ■' i+j=k ^ 

- Lue^ ^'^FY.-^F''a;;:T. 

i+i=k ■' 

= I_/,;e*£(Lo)(EF'yO) 

= l'/!^^* /z,F'a;^5(F,/,X,l)(EF'yO) 

= '£ije<s> hiF}h'F''a;5{F,k,X,l). 

i+j=k 

So ©(/*^*) = 0(/*)©(^*). Thus, © is a ring homomorphism. D 

If iT is a triangulated /^-category, we can get the main result in [14]. Combined with [11, Theorem 
3.1], we can get the following corollary. 



Corollary 3.3. Let <I> be an admissible subset of N. Let iFj be a triangulated k-category with an 

-3 



(n — 2)-cluster tilting subcategory jT, which is closed under Tfi , where E3 denotes the suspension 



functor in f^. Suppose that there exists a diagram 

X2 ^^3 ^Xa ^••- ^Xn- 





X\ ^ X2.5 ^ X3.5 -6 ■■■ ^ -^n-1.5 ^ ^n 

in J^% satisfying that 

(1) ai : Xi — > X2 is a left (iidd(X),F,^)-approximation ofXi 

(2) ttn-i : X„-i -^ X„ is a right (add(X),F, -'^) -approximation ofX„, 

(3) Xi e '3/f'^'^ix), Xn^i e ^^"''*(x), 

where X is the direct sum ofXifor i = 2,3,- ■ ■ ,« — 1. 

£"-2^ £"-2^ 

Then we can get that the two algebras^,} ' {Xi(BX) /I and¥,J ' {X„^i (BX)/ J are derived 

£"-2,55 I""2,j, 

equivalent, where ^^^ ' {X),'3^nr^ ' {X), I and J are defined as in Theorem 1.1. 

Proof. This follows from [11, Theorem 3.1] and Theorem 1.1. D 

In [20], lyama and Yoshino introduced Auslander-Reiten n-angles in (n — 2)-cluster tilting sub- 
categories of triangulated ^-categories and proved that they always exist. Let CT be a Krull-Schmidt 
triangulated category with shift functor E3, and let 5 be an n-cluster tilting subcategory of CT. 

Xi+i H' Ci 4 Xi -^ z^Xi+i (0 < / < «). 

are triangles in CT. A complex 

V *'! ^ ''n-[hn-[ _ In-lhn-l "2^2 ^ aib, „ an 

A„— >C„_1 -^ C„_2 -> ••• — > Cl ^ Co — > Ao 
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is called an Auslander-Reiten {n + 2)-angle if the following conditions are satisfied. 

(1) Xn,Xo and C,(0 <i<n) belong to S. 

(2) ao is a sink map of Xq in S and b„ is a source map of X„ in 5. 

(3) Gi is a minimal right 5-approximation of X,- for < / < n. 

(4) bi is a minimal left 5-approximation of X; for < / < «. 

As a corollary of Corollary 3.3, we can establish a relationship between Auslander-Reiten n-angle 
and derived equivalences. 

Corollary 3.4. Let T be a Krull- Schmidt triangulated k-category with shift functor E3, and let S be 

an (n — 2)-cluster tilting subcategory ofT, which is closed under E"^ . Suppose that 



Xl"iX2"iX3 



■ An 



is an Auslander-Reiten n-angle in S andXi,X„ ^ add(0"^2^i)- Then the two rings End^ {(B"^i Xt) / 1 
andEnd£{(B"^2^i)/J ^''^ derived equivalent, where I, J are defined as in Theorem 1.1. 

Proof. By [20, Proposition 3.9] and Corollary 3.3, we can get the conclusion. D 



4 Examples 

In this part, we give an example to illustrate the main result of this paper. 

Consider the 2-representation finite algebra A of type 'A' . The quiver with relation of A is given 
by the following diagram. 

• • 

• • • 

• • • • 

with relations {fl23a36 - a25a56,aua4i — a^eoei ,067019 -fl68a89,ai2a25,fl56a68, 0890910}- 

Assume that v := DA (g)^ — : D{A) — > D(A) is the derived functor of Nakayama functor and v„ = 
v[-n]. By [11, Theorem 1], The 2-cluster tilting subcategory U = addjv^A | ; e Z} of D(A) is a 
4-angulated category with suspension functor E4. And the Auslander-Reiten quiver of Zl is given as 
follows, (see [18, 19]) 



. 030:2 . 

120:2' r; 021:2 _ 

,210:2: \ _ 111:2^ T] 012:2 . 

300:2" \ '" 201:2 \ \ 'M02:2 "003:2 



e(2.4) : 




, 030:0 . 
120:0 ' \ X 021:0 ^ 

.210:0' \ 111:0 ; 

300:0 ' 201:0 ~ 102:0 ' 



003:0 



17 



Note that the functor V2 can be viewed as the automorphism of QP'"*) which send {h,l2,h '■ ') to 
{h,h,h :/-!). Select a source map /i : 111 : ^ 210 : 1 ®021 : 0© 102 : 0. There is a 4-angle 

111:0^210: 10021 : 00102 : 0^X3 4^4^^4111 :0 (*) 

in U. By [20, Proposition 3.9], (*) is an Auslander-Reiten 4-angle in 11 and g is a sink map. By [20, 
Theorem 3.10], we have 111 : = V2X4. Thus, 

111:0^210: 10021: 00102: o4 120: 1 ©201: 1 ©012:0 A 111: iAe4111:0 

is an Auslander-Reiten 4-angle in 11. 

We denote 210 : 1 ©021 : 0© 120 : 1 © 102 : 0ffi201 : 1 ©012 : by M. Clearly, the morphism 
/i : 1 1 1 : -> 210 : 1 © 021 : © 102 : is a left add(M)-approximation of 1 1 1 : and the morphism 
/3 : 120 : 1 ©201 : 1 ©012 : -^ 111 : 1 is a right add(M)-approximation of 111 : 1. By Corollary 
3 .4, we can get that the two rings ^^^oiA-vaodi) ( ^ ^ ^ : © M) // and ^^^oiA-modi) {M®lll : 1 ) // are 
derived equivalent where /, 7 are defined as in Theorem 1.1. 
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